Hillside Calculation PO‘[.'LCH,

At Hillside, we use the CPA approach within our maths lessons (CPA - Concrete/ Pictorial/ Abstract)
The CPA approach builds on children’s extsttng kncwtedge btg, Ln’troductng abstract concepts in a

concrete and tangtb[e way. It involves moving (ﬁrom concrete matertals, to chtor‘LaL repr‘esentatLons,

to abstract sgmbcts and prob[ems. The dL‘ﬁ(ﬁerent stages are de(ﬁLned in detail below.

Concrete step ojl CPA

Concrete ts the “dotng" stage. Durtng this stage, our children use concrete ob(}ects to model prob[ems.
Unlike traditional maths teachtng methods where teachers demonstrate how to solve a prob[em, the
CPA approach brtngs concepts to LL{ﬁe bg a[[owtng children to expertence and handle phgslca[

(concrete) crb(}ects.

For examp[e, LJ: a prob[em involves addtng pieces o(ﬁ (ﬁruLt, children can }Lrst handle actual J:rutt.

From there, theg can progress to handLLng abstract counters or cubes which represent the (ﬁruLt.

Pictorial step 0} CPA

Pictorial s the “seeing” stage. Here, visual representations of concrete ohjects are used to model
problems. This stage encourages our children to make a mental connection hetween the physical
object they just handled and the abstract pictures, diagrams or models that represent the ohbjects
from the prohlem.

BuLLdLng or drauu-tng a model makes it eastier ;or children to grasp dL;lﬁLcuLt abstract concepts (}or
examp[e, ‘ﬁracttons). StmpLg put, it heLps children visualise abstract prob[ems and make them more

accessibhle.



Abstract step o'ﬁ CPA

Abstract is the “symhbholic” stage, where children use abstract symhols to model prohlems. Our
children will not progress to this stage until they have demonstrated that they have a solid
understanding of the concrete and pictorial stages of the problem. The abstract stage involves the
teacher introducing abstract concepts (for example, mathematical symhbhols) Children are introduced to
the concept at a symholic level, using only numbers, notation, and mathematical symbols (for

examp[e, +, -, X, /) to indicate addition, muLtLpLLcatLon or diviston.

It s meortant to recognise that the model we use is progressive. Bg the end o(ﬁ KSI, cur children
need to he able to go begond the use o(ﬁ concrete equtpment to access Learntng using either chtorLaL
representatLons or abstract understandLng. What s meortant, there(ﬁore, is that all learners, howewver

young, can see the connections hetween each representatton.

We also use the philosophy of:
- fluency
- reasoning
- problem-solving

Mathematical }Luency skills helps children think J;aster and more cLearLg, it is the abLLLtg to
accuratetg recall mathematical concepts and (ﬁacts. Havtng these crucial skills gives children the
energy, attention and }ocus to tackle ccrmpLex probLem-soL\ang and reasoning guestions. Mathematical
reasoning is the process o} app[gtng Logtca[ thinking to a situation to derive the correct probLem
solvtng strategy (ﬁor a given question, and using this method to deve[op and describe a solution. It
is the brtdge between }Luencg and probLem soLv-Lng. It allows our children to use the J:ormer to
accurate[g carry out the latter. At Hillside, we do not see probLem soLang as somethtng that some

pupt[s can do and some cannoct. We helieve very child ts born with an innate level o{ﬁ prob[em—
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solving ability. Our ability to successfully problem solve requires us to have a deep understanding
o‘ﬁ content and J",Luencg o{ﬁ (ﬁacts and mathematical procedures. Critical thinking processes such as
reasoning and prohlem solving—are intimately intertwined with factual knowledge that is stored in
Lcng-term memory. Embeddtng erf,crrmattcrn to the Long term memory underpins our curriculum o}}er
and we work hard to embed metacognition intoc our learning and everyday language to ensure

children are thinking abhout their learning and how they can retain the Ln‘ﬁormatLon they have learned.

The aim is that when children leave Hillside theg:

e Have a secure knowledge of number [acts and a good understanding of the [our calculation
operations (addition, subtraction, multiplication and division)

e Make use of jottings, diagrams and informal notes to help record steps and part answers when
using mental methods that generate more information than can he kept in their heads

e Have an efficient, reliable, written method of calculation [or each operation that they are ahle

to app[g with conJ:Ldence when theg are unahble to per(ﬁorm a calculation menta[[g



Progresstcn in Calculations

Mu[ttp[tcatton

Ob(}ectLve and Concrete Pictorial

Abstract

StrategLes

Year | Mu[ttp[tcatton

Solve one-step prob[ems involving muLtLpLLcatLon and division, by calculating the answer using

concrete ob&'ects, chtorLaL representattons and arrays with the support o(ﬁ the teacher.

Doub[tng Draw pictures to show how to

/ doubhle a numhbher.

' : Double 4 is 8

double 4is &

4x2-8 ]

Use practtca[ activities

ustng mantputattves
an[udLng cubes and

numicon to show how to

doub[e a number.

be 4




Repeated Count in muLtLpLes
addition crjl a number
Use Zimgrtupin it a aloud.
9 5 0 15 0 1S )
number line or pictures to continue Write sequences
support in counttng in muLtLp[es. with muLtLpLes 0}
numbers.
2, &, 6, 8, 10
Count in muLtLp[es
supported by concrete 5 10, IS, 20, 25 , 30
obJects in equa[ groups.
Write addition
sentences to
describe objects
and chtures.
2+2+2+42+2=10
Maktng equal Use manipulatives to Draw and make representations.
groups and create equal groups. -
counting the % b x 2 -8
total. ' ﬁ ﬁ
-
b x 2




Draw Cj)d toshow2x3=6

H A AN AHAA

Understandtng

arrags

Ob(}ectL\re and
StrategLes

Year 2 Mu[tlg[tcatton

Use ob(}'ects laid ocut in
arrays to }Lnd the

answers to 4 lots otﬁ 6...

Concrete

Draw representattons cr(ﬁ arrays to

show understanding.

Draw arrays in dLHLerent ortentations

to show communtattvttg.

P99 @ 4r2=8
0000

2x4=8 o0

Pictorial

Use arrays to
write
multiplication

sentences.

00000
00000

00000
5+5+5=15

3+3+3+3+3=15
5x3=15
3x5=15

Abstract




Recall and use multiplication and division facts [or the 2, 5 and |0 multiplication tahles,

an[udLng recogntstng ocdd and even numhers

Solve problems involving multiplication and division, using matertals, arrays, repeated addition,

mental methods, and muLtLpLLcatLon and division (ﬁacts, an[udtng probLems in contexts

Doubling

Model doubling using

dLenes and P\/ counters.

E.g double 26..

Draw chtures and representathns to

S,hO'LU' hO‘kU’ to doub[e numbers.

BB BEE
CoD gnm

40+ 12=52

Partition a numhber
and then double
each part be}cre

combLnLng it back

together.

e

Ccrunthg in
multiples cr(ﬁ 2,
3,5 and 10
Jlrom 0.

Count the groups as
children are skLp
counting. Children may
use thetir (ﬁlngers as theg

Number lines, counttng sticks and
bar models should be used to show
representatLons o(ﬁ counttng in

muLtLpLes.

Count in muLtLpLes
o(ﬁ a number

CLLO‘U.d.

Write sequences
with muLtLpLes cr(ﬁ

numbers.

0,2,4.,6,8,10
0,3,6.9,12,15




skip count.

TR R 05,10,1520,25,30

— N ¢ { \, Il S N7 _,/
s g v ‘- 2 v ‘- = - -. = . 4_ ><' 3 -

5+5+5+5+5+5+5+5=40 ) 5 0 1" 0 23 0 _

Approprtate strategLes to be used

with consistent practhe.

Ob(}ectLve and Concrete Pictorial Abstract

StrategLes
Year 3 Mu[ttp[tcatton

Recall and use muLtLpLLcatLon and divistion J:acts J:or the 3, 4 and 8 muLtLpLLcatLon tables
Write and calculate mathematical statements (ﬁor mu[ttp[tcatton and division using the

muLtLpLLcatLon tables that theg knouw, anLudLng lﬁcrr two-dLth numbers times one—dtgtt numbers,

using mental methods

Prcgress to forma[ written methods calculations as abowve

To muLtLpLg 2 Children can continue to Children can represent their work Start with Long
dLth numbers |be supported bg Dienes w-ith pLace value counter or drawn mu[ttp[tcatton,
bg | dtgtt and p[ace value counters representation in a way that theg reand‘Lng the
numbers. at this stage cr‘[l understand. Theg can draw the children about
muLtLpLLcatton. counters using colours to show LLnLng up their
dLJ:(ﬁerer\t amounts or just use circles | numbers c[ear[g in
in the dL(ﬁ}erent columns to show columns.
their tthkLng.
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1

X

-\ |
i

5|8 i

3
S i

Formal written
method oﬁ short
multiplication, 2

digit by | digtt.

e O
X xL‘_-
- | S

Ob(}ectLve and Concrete Pictorial Abstract

StrategLes
Year 4 Mu[ttp[tcatton

Recall multiplication and division facts for multiplication tables up to 12 x 2

Mu[ttptg two-dtgtt and three-dtgtt numbers bg a one-dtgtt number using }orma[ written Lagcrut




Column

muLtLpLLcatLon

Ob(}ectL\re and

Children can continue to
be supported bg PV
counters at this stage o(ﬁ
muLtLpLLcatLon. This
initially done where there

ts no regrouptng.

327 x & -

Concrete

Part whole models can he use{ﬁu[ }Or
aLLowLng children to understand the
role o{ﬁ partitioning in

muLtLpLLcatLon.

BT

3
300

,‘x# xb i
1200+ B0+« 2% =

x 4

130%

It s important at this stage that
theg a[wags muLtLpLg the ones }Lrst
and note down their answer
tﬁo[[oured bg the tens which theg
note below.

Pictorial

Begtn with long
muLtLpLLcatLon to
show the steps.

4k et
x L

This may lead
3 2 7 to a compact
b4 ]_L method.
3083
o2

Abstract

StrategLes
Year 5 Mu[ttp[tcatton

Mu[tlp[g and divide numbers mentaug draurtng upon known }acts

Mu[ttptg and divide whole numbers and those an-oLv-Lng decimals b,lé |O, |00 and

1000

Mu[tlp[g numbers up to &4 dLths bg a one- or turcr-dLth number using a (ﬁormal written method,

an[udtng Long muLtLpLLcatLon (ﬁor turo—dLth numbers

Solwve prob[ems ano[vtng muLtLpLLcatLon and division an[udtng using their kncw[edge O'(I: (ﬁactcrs

O.I’ld muLt’LpLes, S.QVU.O.FQS. and CU.lD,QS.
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Solve prcrbtems Ln\roL\ang addition, subtraction, mu[ttp[tcatton and division and a combination ojl

these, an[udtng understandtng the meaning oﬁ the ea,ua[s sign.

Column

muLtLpLLcathrn

Mu[ttp[g
numbers up to
I dtgt’ts bg a
one- or two-
digit number
using a
rﬁormat written
method,
an[udtng Lcrng
multiplication
chrr two-digit

numbers

As above- see Year 3 and

Year [I-

As above- see Year 3 and Year 4

Compact short
muLtLpLLcatLon O‘J:
a four digit by a
| dLth number.

Long
multiplication of
a 2, 3 or & dLth
number by a 2

digit number.
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Ob(}ect‘w-e and Concrete Pictorial Abstract

StrategLes
Year 6 Multtp[tcatton

MuLtLpLg muLtL—dLth numbers up to 4 digits by a two-digit whole number using the ‘ﬁormal written
method of long multiplication

Use thetir knowLedge o!ﬁ the order o{ﬁ operations to carry out calculations anoLv-Lng the J:our
operations

Use estimation to check ansuwers to calculations and determine, in the context o(ﬁ a problem, an

O.P.P.FO'P.FLO.te degree O'} O_CCLLFQCQ

MuLtLpLg See ahove See above Estimate bg
multi-digit calculating prior
numbers up to to the written
4 digits by a strategy.
two._dLth 5586x12 6000 x 10 60,000
whole number

5 5 B 6
using the . 1 2
Jlorma[ written 1 1 1 7 2
method o‘ﬁ 5 5 8 6 0
Long : —
mU.LtLP,LLCO.tLO’ﬂ Co-mp_qct Co-l_umn

addition to add

decimal numbers

with up to 2

P,LCLCQS,
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Multiplying
decimals up
to 2 decimal
places by a
single digit.

304 x 3

000. 1 PHO®

000. - Dowaw
o i >

000 1 260®

l ERPR Y X

Remind the
children that the
single digit
be[ongs in the
ones column. Line
up the decimal
points in the
question and the

answer.

o U d
%-AXL (311D

Division

Obc}ectL\re and

Concrete

Pictorial

Abstract

StrategLes

Year | Division

Solve one—step prob[ems ano[vtng muLtLpLLcatLon and divistion, bg ca[cu[attng the answer using

concrete obJects, chtorLaL representattons and arrays with the support cr(ﬁ the teacher.
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Sharing

Children use pictures or shapes to Share 8 [lowers

obJects into betuween two

people.

groups

8 + 2 = &
I have 8 cuhes, can you
share them equal[g in 2
groups?

Ob&ecthre and Concrete Pictorial Abstract

StrategLes

Year 2 Division

Recall and use nuditphcaitcn and division facts ﬁor the 2, 5 and 10 nu1ULpUcaiLon tables,

LndudLngl%cognumng ocdd and even numbers

Solve prob[ems ano[vtng nxu&tphcoiton and dLvLsLon,usLng mateﬂols,arrags,repeated addition,

mental methods, and ﬁUJ“LpHCGtLOn and division }acts,tnc[udtng probLems in contexts.
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Division as

shartng

I have twelve cubes, can
you share them equally

in f,cur groups.

Children use pictures or shapes to
share guantities.

Draw the groups [irst, then share

equally bhe

tween them.

——

o

2 P 2
€ £ B 2

Children use bhar modeLLLng to show

and support understanding

12+ 4

2 - 4 - 3

15




Divistion as

grouang

Divide gquantities into
equal groups.

Use cubhes, counters,
objects or place value
counters to aid

understandtng.

(£ “ﬂ

‘ .'...‘ .....|..'..|IOO.. |..'.. | LLLL 1] ‘..O.l ‘
0 5 10 15 20 25 30 35

96 +3=32
o: o: o:

Use a number line to show jumps in
groups. The number of jumps eqguals

the number c(ﬁ groups.

Think O’J: the bar as a whole. SpLLt it
into the number o(ﬁ groups you are
dLdeLng bg and work ocut how many

would be within each group.

20

20+95="7
D% 2=20

28 + 7 = &4

Divide 28 into 7
groups. How many
are in each

group?
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UsLng the 2x4=8

inverse 4x2 =8
B+2=4

This should gx4=2

be taught I:' " I:' i I:| 8=2x4

a[ongstde i 8=4x2

division, so S e % i E 2=8:4

hild l = = 4=8:2

o e o Show all 8 related fact family sentences.

how they I:’ - I:l il I:’

work

a[ongséde
each other.

Ob(}ectLve and Concrete Pictorial Abstract

StrategLes

Year 3 Division

Recall and use muLtLpLLcatLon and divistion (ﬁacts (ﬁor the 3, &4 and 8 muLtLpLLcatLon tables
Write and calculate mathematical statements Jlor muLtLpLLcatLon and division using the

muLtLpLLcatLon tables that theg knouw, anLudLng lﬁcrr turo-dtgtt numbers times one—dtgtt numbers,

using mental methods
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Divistion as

grcruang

USQ cubes, counters,

O‘b,JCCtS, or P_LO.CQ vaLue

24 divided into groupsof 6 =4

96 + 3 =232

©. ©. ©
0® 0® ®

0® 0® ®

counters to atid

understandLng.

Continue to use bar modelling to

aid soLang division probtems.

20

20+ 5="
9 x?=20

HO’\U‘ mang groups

oﬁ 6 in 247

2+ 6 = 4

Division

within arrays

Link division to
multiplication by creating
an array and thtnktng

about the number

OO0
@O0
Q00O
QOO
@00

Draw an array and use lines to

sp[tt the array into groups to make

Find the inwverse
of multiplication
and division
sentences by
creating J:our
linking number

sentences.

7 x 4 - 28

18




sentences that can he multiplication and division b x 7 =28
created. sentences. 28 + ] = &
28 + 4 =7
Eg IS+ 3 -5 5 x 3 -
15
5 :5 =3 3 x
5 - 15

Provide children with
stem sentences to
articulate thetir
understandtng o(ﬁ

divistion.

. Complete the stem sentences.

% % %

| have ___cubes altogether.
There are __in each group.
There are __ groups.

Obc}ectL\re and Concrete Pictorial Abstract

StrategLes

Year 4 Division

Recall muLtLpLLcatLon and division ‘ﬁacts ‘ﬁor muLtLpLLcatLon tables up to 12 x |2

Recogntse and use J:actcrr pairs and commutattvttg in mental calculations

Divide a three-dtgtt numhber b%} a one—dtgtt numhber

Estimate and use inverse operattcrns to check answers to a calculation
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Divide at
least 3 dLth

numbers by a

I digtt.

Short division

Tens Units
3 2
® e
® 0
® 0

Use place value counters

to divide

using the bus

stop method aLongsLde

e

Calculations

42+3

L2+ 3

Start with the bngest

pLace V“O_l.

ue, we are

shartng 4O into three

groups. We can put | ten

in each gFO’U.P, CLI'ld w-e

have | ten Le(ﬁt owver.

)

Students can continue to use drawn
dLagrams with dots or circles to
help them divide numhers into equal

groups.

OO\ OOYO O\
OO )O0

Encourage them to move towards

counthg in muLtLpLes to divide more

eHLLcLentLg.

Begtn with
divisions that

divide equally

2 1 8

3

4,8 7 2

with no

remainder.
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We exchange this ten }or
ten ones and then share
the ones equally among

the groups.

@
828

look how much ts in |

group SO the answer (s

4.

Ob(}ectLve and Concrete Pictorial Abstract

StrategLes

Year 5 Division

MuLtLpLg and divide whole numbers and those anoLang decimals bg 10, 100 and [000

Divide numbers up to 4 digits by a one-digit number using the [ormal written method of short
division and interpret remainders approprtateLg (ﬁor the context

Solve prob[ems ano[vtng mu[ttp[tcatton and division an[udtr\g using their kr\ow[edge o(ﬁ (ﬁactors
and multiples, squares and cubes

Solve prob[ems Ln\rol\rtr\g addition, subtraction, multiplication and division and a comhination o(ﬁ

these, an[udtng understandtng the meaning cr([l the equa[s sign.
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Divide
numhbhers up to
4 digits by a
one-digit
number using
the (ﬁorma[
written
method o(ﬁ
short division
and interpret
remainders
approprtateLg
for the

context

Ob(}ectLve and

As abowve As abowve

Pictorial

Short division of
a (ﬁour-dtgtt
number hy a one-
digit number,
using remainders

when necessarg.

Abstract

StrategLes

Concrete

Year 6 Division

Divide numbers up to 4 dLths bg a two-dLth whole number using the tﬁorma[ written method o(ﬁ

Long dLvLsLon, and Lnterpret remainders as whole number rematnders, lﬁracttons, or bg roundLng, as

approprlate J;or the context

Divide numbers up to 4 dLths bg a turo—dLth number using the ‘ﬁormal written method o‘ﬁ short

division where approprtate, Lnterprettng remainders accordLng to context

Use their knourtedge o(ﬁ the order o(ﬁ operattons to carry out calculations anoLang the }our

operattons
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Divide
numhbhers up to
4 digits by a
two-digit
whole numhber
using the
formal written
method o}
long division,
and interpret
remainders as
whole number
remainders,
}racttcns, or
bg roundtng
as

appropriate
}or the

context

As abowve

As

Abowve

The short and
long division
method will bhe
used in Year 6 to
divide 4 digit
numbers by a 2
digit number.

14 . 6
16 21

3 5511 .0

2(3 2 9 6
R R

Children should
be taught how to
dtsplag the

remainder as

[the remainder can
15| 4 3 2 be interpreted as

_ * i2 _, 4 or0s8)
3
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decimal and a

}ractton.
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